8 | Euclid’s Elements
(.1 Axiomatic AFF"’“"‘
A “problematic” student :
Q (student) : Given an e%uila:teml triangle ARRC. wk.a LA=/R:=4C=60 2

A (teacher) : ¢/ sum o A + base Ls ., isos O,
A

B C
Q=\-Jha base s ,isos O. 7

A:let M bhe e wﬁd-Ft cjf RC , ond prove AAMR >~ AAMC (SSS)
A

B ™M C

Q: Uka SSS 2 (Even worse :
Does a wﬁcl-Fl: cf a lne seamewb exist Y Nka t is uhi_%me'l
N\«a are e odble o Jon two distinet 'Foivv’cs with a line segmewt 2 Nka s w\i_%u\e”.
-)

H s«ages& we should SE:,P at some 'Po'm'ﬁs [
Axiom : va\ebkmg we. ao:eFt +o be true withost f,w-l:\ner %Asblomna

Two comments
D We should wnst assume too less/much !
Too less : not mucdh we can deduce .
Too much : some mauy redundanst , oy lead contradiction .
(Teadrer : Why s "-o- " trve 2
Studewt : K s assumed to be trve .

Teodher : .. )

2) D’-ﬁenwb sets cf axioms. may lead +o clrifo-ewk corseguences (chﬁermﬁ 8eom¢brie.s)




Y
X,
\ ‘? X dist Y, = dist %

2) Pomcare  Disk Meodel

S‘Fapp = o{)en_um’&jsk D={zeC : zl< 1}

R / \




Ce Notions (-5

Prmnsiﬂgns 1-48




.3 Discussion

Before discussion : (Pretend) Forgetting evengthing leamed before !

8 Euclid’s (or any obher) theory is complete, all proposttions can ke proved without am\olgui‘ba_,

relajna on rtuition or diaamms. Everg\:’tme. we think a statewenst i ocbvious, tt is becouse we

are fowﬁhvize. Wit plane  geometry, and we SiMF‘la test the statement with ow nherenxt kvowledge

Tust think like. Baclid , wnless 'lMFesin% chl:ulabe, 2, we are not adbde +to consbruckt a circle in the
Space wrth a0 gjven center ond vadhus .

Definttiors
Definttion + Give Pprecise meaning o the term being  defined .
1) Irbuition involed definrtions

For exaw\l:le. ,

Definition 110 (definrtion of right. a\ngle.)'-

When a straight line standing on a straight line makes the adjacent angles equal to one another,
each of the equal angles is right, and the straight line standing on the other is called
a perpendicular to that on which it stands.

The above def(vwhw is_dear e.v\ougb\ if we  know the meaning of a strwgl'\'b line. . an avﬂe.
andequality of angles.

However,

Defiv\i-(-:.w\ [ (de.fiv\'rbion of Fo‘m{:) : A point is that which has no part.
Defiv\i‘(:'aon L2 (deﬁv\'rbiov\ cf line. ) : A line is breadthless length.

-n\ea give no better wders(‘nml(v% uf Fo’Mt and line .

\ What s a line ?




Modemn a:Hwaa.cJA . leave -these notions to be wxdeflwed.

'Reaard the space as a set 8, elements cf S m‘FoM(s
Certoin subset of S (collection cf Pe‘m-ts) are reaavded as lines”.

and :g- we._impose. &xﬁuoewt conditions  (axioms), ~then 'Flo.v\e aepme:(:vg wotald
be the wique model .

2) Termlnaloai%

Euclid’s  Elemewts Modern usage

sbra'ugkb-line line

fiv\?te_ Sbro&skt-line_ line sengevtb
Ilne. Curve
rectilinear anjle >< (made B\a “+wo s(:a-gh'b lines) amﬂle

amg(e. 7<<' (made. B\a ‘o curves)

3) Eim‘rba
- BEudid did wet deflv\e e%mlrba

Refe.rs'bo&:ngmm oj%epwetvmlj%wes.bwbalsorefers‘toe%m(mm.
'Haavﬁ‘tude cf'HAe.Same. kind can be :

cow\Fa.ved : e%wal , less -Unav\,%vea:ber “Hron
added or subbracted

(S-baP!Tk-nkz What is the meay\iv\%_ 05 the sum cf o line segmevtfs 2)

(S:A%ested \aa 4the common nestions )

For wmrle, how o deflv\e. 'Covsgmenee. cf line Seameﬁts "
lv\"w'rbvel\a_, +wo _fine seamewbs are Cov%mm‘; n:f -l:hea have the same lev‘%ﬁ/\.

However ., there iz no Cov\celsb of |ev\SHr\ of line segmewb , even Cov\cer cf real numbers in

Euclid’s Element.

E%ulva\m relation will be inbroduced later 4o ~*ackle -the 'Fvo\o\e:m.




Postulates and Common Nestions

Postulates and Common Netiors : facts that are tken for grasted and used as the Storting
Foivtt for loaica\ deduction uf theorems

1 Postulates vs  Common Nstions

Postulates : Abouxt 8enm€br'im| conttent

Common Notions : About  universal natuve

2) Existence and Uvﬁ%v\eness

Postulate 1.1 To draw a straight line from any point to any point.
Postulate 1.2 To produce a finite straight line continuously in a straight line.
Postulate

1.3 To describe a circle with any center and radius.

Buclid mokes no e<l>|ic.i'(: stztement about uniqueness (bt ad:wall-a he. used ).

A
e

Postulate 1.1 ¥ P ad @ are antinedal PoMES,

“theve are lvfm?bzla_ mama lines Hnat
posses '(‘JAmugl« P oad Q.

lrrtersections cf Circles and Lines

1 Existence c‘f wtersection cf o circles

While 'Posb.date 1.5 8mmw(:ee.s Hrat two lnes will meeskt wnder certain conditions , Euclid never =ells
when o circles  will meet.

For ewv\Ple .
-on‘:.osiﬁm 1.1 To construct an equilateral triangle on a given finite straight line.
How o gmmwte.e that
“there s an interection 'Foiwt 2

Al I N




2) Relative Posrtion

CICICAGH OO

Evev\-for-b.oo cirdes on '1>|awe. , wl«zﬁr\ev-'ﬂnea, hove.  witersection , TE dqx.vds on_Haeir
velative 'Pos'rtiovx.

B)SFa.ce.
Nste.'ﬁr\ab-tl«e.melsbuf real nuwbers  was on\a_ wmade. il 194A oe.wbma_
how do we  know a‘Plame=1Rl? (L\)‘/%_vwst ®?".)

l‘g 0~'F‘av£=®1,'e/\em C, and C; have wno intersection .

—EBDés
C| C:.
oF ]'!

The Method ctf &Terros’rbovx
1) Existence cf' Method cf S«rerros’rbiovx

?vvFosﬂ'Iovx 1.4 If two triangles have two sides equal to two sides respectively, and have the angles contained by the equal
straight lines equal, then they also have the base equal to the base, the triangle equals the triangle, and the
remaining angles equal the remaining angles respectively, namely those opposite the equal sides.

Given AABC and ADEF. If AB = DE, AC = DF and £BAC = ZEDF, then AC = EF, ZABC = ZDEF and
ZACB = ZDFE (known as “SAS”).




'Fvocf ‘os& Euclid -

If AABC is superposed on ADEF, and if the point 4 is placed on the point D and the straight line 4B on DE, then the point B also
coincides with E, because 4B equals DE.

Again, AB coinciding with DE, the straight line 4C also coincides with DF, because £BAC equals ZEDF. Hence the point C also
coincides with the point F, because 4C again equals DF.

But B also coincides with E, hence the base BC coincides with the base EF and equals it. (CN4)

Thus the whole A4BC coincides with the whole ADEF and equals it. (C.N4)

And the remaining angles also coincide with the remaining angles and equal them, ZABC equals ZDEF, and ZACB equals ZDFE.

A,D c

e

E F B.E F R, E C.F

AD A.D

Euclid does not impose. a.wa Fo:bo\lacbe. “4o allow S\Ara-re:‘rt'mv\ .

Bucld is velucant +o use suFe.v]»s?t’uon (cw\|3 appears in ‘Frvrus’rbion L4 and 1.8).

Postulate 1.4 That all right angles equal one another.

H would be unnecessary f SuperFosi'(:ion is acceFE&dA

e To be 'Fredse . SmPe,vTos’rt‘!on s based on r‘iaid motion.

Retweenness
1) What is bebaeceness 2
Euclid wmokes no statements on exFlana(:ion ef bebweenness , sudh as

" one Po’m‘(‘. is between -two cther on a line ",

Q

Which ]»Mb lies beboseen tre other -bao?

“a line ‘H\vrovg'n a_pomt lies inside an anale at  Hrat 'Foiv\'t “

[

N whidh one lles bebieen <A



2) L.)l'% betweenness imrcd'av\'t 2
Some statewents may. deFev\d on -the relative 'Fosrb'uov\ cff Pu’n&& and lines .
For exawcFle.,

Pmros&ion 1.3 Given two straight lines constructed from the ends of a straight line and meeting in a point, there cannot
be constructed from the ends of the same straight line, and on the same side of it, two other straight lines
meeting in another point and equal to the former two respectively, namely each equal to that from the
same end.

Given a line segment AB. If C and D are points on the same side of 4B such that AC = AD and BC =
BD, then C and D must be the same point.

C
‘Fvoof' b\& Euclid : \'-//14\ D
Su\rrose C#D.

L2 = ond cl=z4 Cprop- 1.5)

24 < enN. 8)
L Ll=24 < = /L2 A E
which comtradicts to that £2 s a part cf 21 lie. 215> L2 by CN.5)

C

But the Fw»f deFemls on the d’-agmm! oy z@\

When we join AD, how do we know AD e betueen /22 X

H AD opes ike -the ved dotted line .then 22< /4 and /////

no conbradiction occurs . //,///

A B

The Tt‘\eovva. cf Parallel
1) Ne.cess’rﬁg cf Flfﬁr\ Postulate

Postulate 1.5  That, if a straight line falling on two straight lines makes the interior angles on the same side less than
two right angles, the two straight lines, if produced indefinitely, meet on that side on which are the
angles less than the two right angles.

K locks like a Pv-ol;esi-b’non yather -than o Pesbalad:t P\cbwulha . Buclid Fost'ched Using T

el F\—o«ma 'Frvrosﬂ:ion .29 (acfber discussion on ‘b’innales anrd Congruence ).
Con Fosbuxldhe. 1.5 be deduced -jvum e cther :fwr Fesbald&S".

|f zaes,-ﬁnev\ Fosbu\labe. 1.5 s redundont .

lf no , how =to Fmve? If Fos‘(:v\lctbe. L5 is neuma,-ﬁndt means  obher aemne(mes maa come in

when it is vewoved . (te. G’aviv\a a c:wwher-mw?le. a‘f %“’”‘d“"a Haat Sdﬁsfies Fosbalarb?. - L4
but net 1E.)



The. —n'\e.owa. 05 Area.
) What s (How deflv\e) “area” ?

'onrosi-l:im (.25 Parallelograms which are on the same base and in the same parallels equal one

procf by Bl

AD = RC and EF:RC (F\—UF L34) A)) } >p _ ___E " =
S AD-=EF (CN. 1)
&
AD+DE = EF+DE  (CN.Q)
AE = DFE
AR =DC (‘FYOP. (34%) B C

LEAR = LFDC ('F\‘UF. 129 / Corr. Ls, AR/DC)
AEAR = AFDC (Pn:? L4 / SAS)
(.. Brea of AEAR = Areo f AFDC)
Prea of AEAR - AEDG+ AGBC = Areo of AFDC- AEDG+AGBC  (CN.2+CN.3)

Area cf ARCD = Area sg ERCE

+ Buchd does not have the fomda  Area of fgmn » Base x Heght "
Even he coes net define length and real mawbers .
(That's whyy he has 4o constret sudh a prosf 1)

- Prea’ is not defined by Euclid . However . according o Euclid . area is a guantiby
k. can be odded . subtracted and ete.



